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Abstract

T

The asymptotic safety approach to quantum gravity provides a possible solution to the problem of the
quantization of the gravitational field. It is based on the existence of an ultraviolet non-Gaussian fixed point
for the couplings of the \/ER and \/E operators of the Euclidean theory. The most compelling implication of
this fact is a vanishing Newton’ s constant G at infinitely high energies. In this review the possible strategies to
implement the details of this mechanism in cosmology are presented and the results are briefly discussed. In
its simplest realization the universe emerges from a state of zero entropy end evolves towards an accelerated
phase driven by a time-dependent Newton constant and cosmological constant A according to the renormal-

ization group for
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quantum gravity. In this framework bouncing and non-singular universe models can be dynamically
generated from the vanishing of the Newton’s constant at high energies. Important modifications of the orig-
inal R + R? Starobinsky model are expected at the inflationary scale. Direct computations of the graviton
spectral function can in principle provide the initial spectrum of gravitational waves in the early universe. At
late times strong renormalization effects are expected at large cosmological scales that can drive the observed
accelerated expansion of the universe. The new era of precision cosmology represents an important occasion

to finally test the physical predictions of this new theory of quantum gravity.
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Introduction
515

The asymptotic safety approach to the quantization of the gravitational field has recently received much
attention. It is based on the idea that, as long as we do not insist on the notion of continuum limit tailored
to perturbation theory, gravity can be treated along the same lines of similar quantum field theories whose
continuum limit is defined non-perturbatively. This possibility was first suggested by Weinberg [1] and further
implemented by Reuter [2] by means of the Wilsonian renormalization group (RG) formalism in quantum
field theory (QFT) [3-11]. (See the recent books [12,13] for a pedagogical introduction to the subject.)
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It is possible to explain the technical mechanism which lies at the root of the non-perturbative renormal-
ization of Einstein gravity in simple physical terms. Perhaps the most illuminating discussion in this context
has been presented by Polyakov [14] who noticed that as gravity is always attractive, and thus, a larger cloud
of virtual particle implies a stronger gravitational force, Newton’ s constant G should be antiscreened at small
distances. The implication of this behavior is that the dimensionless coupling constant g (£) = G (¢) /¢ tends

to a finite nonzero limit at small distances
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as G scales as #2 according to its natural dimensions. A theory whose dimensionless coupling constant
approaches a non-Gaussian (nonvanishing) fixed point (NGFP) in the short distance limit as in (1) is called
asymptotically safe (at variance with the more familiar case of the asymptotic freedom where g* = 0.) While
the behavior in (1) has been conjectured in [14] on the basis of a similarity with the nonlinear o -model,
rigorous calculations based on the application of the non-perturbative flow equation have indeed shown that
the ultraviolet critical manifold of a Lagrangian of the type
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is controlled by a NGFP [15, 16]. In particular, it turns out that the coupling constants g; are all scale-
dependent albeit only a finite number of those are needed to control the continuum limit of the theory. On
the other hand, the NGFP cannot be approached in perturbation theory and non-perturbative approaches,

like the functional renormalization group equation (FRGE), must be implemented [17, 18].

HE= T80 < NGFP £l [15,16]c BAKRINL, BATAIMME R g AAARERME, HAFR
AR S H Bopk n] DB ANESHRIR, »— 75, RS AsR ol mEMitie &, 2
B BIANTZ R B EE AL AE T #2 (FRGE) IX AL 75 A THIH [17,18]

In fact FRGE is capable to reproduce the running of G and the cosmological constant A at various en-
ergy scales and has shed light on the properties of the quantum structure of the space-time near the Planck
scale. A number of approaches to implement the AS framework in cosmology using FRGE have thus recently
appeared. More specifically, we can distinguish the following main strategies:

HEL b, ZHREEEETTE FRGE REWEIAFIGEIS N G MIFHFH U A WHshiTh, JHER
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« Direct implementation of the antiscreening character of G in the field equations from the § -functions
from FRGE.

- 1E3KH FRGE [ g ¥ U i P ERS I G WU B,

« Inflationary models based on the structure of the effective Lagrangian as emerging from the NGFP.
o BTHESHTN SN AT H B RS B H R A AR 2 PR,

« Non-perturbative calculation of the spectral properties of the graviton propagator in the flow equation.
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In this work the basic assumptions of the above approaches will be reviewed and discussed.
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Wilsonian Action in Cosmology

FHI AP BRI &

Let us now briefly review the basic idea of the non-perturbative renormalization and its application in
gravity. The Wilsonian RG transformation [19], as opposed to the more conventional RG transformation based
on the rescaling properties of Green’s functions, represents a systematic method to construct a low-energy,

effective theory, from a fundamental one defined at the cutoff scale.

BRAEBATT i 22 (M B E L R A A A AR S A S [ T RO R A, 5 5 TR 25 P R R 1%
GreERELAE (RG) ZHAIE, BEURL RG Z2H [19] 22— B WE AEBWREMAC R AL ME IR &,
BIRREAREICHI RS TE,

Let us imagine the theory being described by a collection of fields ¢ whose properties are encoded in an

action S [¢] and assume that the following expansion in terms of local field operator holds:

PR ZEIC B —H37 o iR, HRIMETEERE S [o] ZIE, FHiEW N RBER T

S[¢l =28 (N)si [¢] (3)

We would like to describe the same system with a new set of field operators ® that are obtained by aver-
aging the original field variables ¢ on a larger volume Q ~ 1/k where k is a low-energy cutoff. The actual
averaging procedure is performed by an average operator Cgq, () (See [20] for an explicit construction of Cq,
in the case of maximally symmetric spaces.). The requirement that the partition function remains invariant

under this transformation defines the Wilsonian (also called blocked) action S, (p) as

A IREA—HHNIEN © #RF —RS, FHRNEGELR o EERAIQ ~ 1/k _EH#CF
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The § -constraint in (4) can equivalently be implemented in the momentum space and in this case the
Wilsonian action at the scale S [®] is obtained by means of a functional integration on the fast degrees of

freedom,
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where ¢ represent the (high-frequency) components of the original field ¢ , the ones with momenta p
greater than some infrared cutoff k , and @ the low-frequency field with momenta p < k. It is possible to
show that in the limit k — 0 the Wilsonian action reduces to the effective potential, i.e., the nonderivative
part of the effective action, but in general for k # 0 it represents the action for the coarse-grained field, i.e.,
the average of the original field on regions of typical size ¢ ~ 1/k . The computation of S is obtained by
means of the functional renormalization group equation which in principle can handle the infinitely many
new coupling constant generated by the blocking procedure [18]. The theory is predictive when only a finite

number of these new effective interactions are needed to perform the continuum limit.

Hp ¢ Bl o B9 (M) &, Wati@sha p KTHLLIMERT k Fn &, o 23BN p <ki)
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73 H—REHT, ST k#0, EfMBHRAZIERR, HEFESERRS ¢ ~ 1/k X R
P, Sy AlIEE Iz R ERERE TR RASE], %07 RN _E AT DSBSy B R AR R TR 5T 2
B (18], HHFTBEARMIXEH AR L AEHRLAT ABOESEAR RIS, 1B R RIS Y,

The FRGE for the gravitational effective average action I} has been obtained first by [2]

SIARCFEIE R T, F7Z =R (FRGE) S SR [2] 152
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where T is a functional obtained within the background field method, by splitting the metric g,,,, into a
fixed background g, and fluctuations h,, . The Hessian F,EZ) is the second functional derivative of I}, with
respect to the fluctuation field at a fixed background and R provides a scale-dependent mass term for fluctu-
ations with momenta p? < k? with the RG scale k constructed from the background metric. The interplay of
R} in the numerator and denominator renders the trace both infrared and ultraviolet finite and ensures that
the flow of Tj, is actually governed by fluctuations with momentum p? = k? . In this sense, the flow equation
realizes Wilson’s idea of renormalization by integrating out “short-scale fluctuations” with momenta p? < k?
such that I} provides an effective description of physics for typical scales k? .

Hrp o BB RTTIEPERIRZE, %R EM g, R NEEE 5 g, MIBKIE by, o RIEREME
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[, FARIE I BTRIFASEHEhEN p? ~ k2 BUBKYE £F. EHESCT, R FEKEl T BURE TR
fLEAE: I R UsEE B p* < K2 B9 DRERE”, Ik O AHIVRRE 2 BRI AR,

The simplest approximation of the gravitational RG flow is obtained from projecting the FRGE onto the

Einstein-Hilbert action approximating I} by
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f d*x\/g[—R + 2Ax] + gauge-fixing and ghost terms . 7)

This ansatz comprises two scale-dependent coupling constants, Newton’s constant G, and a cosmological
constant A . The scale dependence of these couplings is conveniently expressed in terms of their dimension-

less counterparts

IR E MR REAR AR & B8 2P G AT A HE A o XS IIREbRKIA] LTS
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Ak = k_zAk, 8k = szk’ (8)

and captured by the beta functions

FFH B PRI
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Evaluating the beta functions [2] for the so-called optimized regulator [21] gives
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with the anomalous dimension of Newton’ s constant 7y = (Gk)_lkaka being given by
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The beta functions (10) encode the scale dependence of the dimensionless Newton’s constant and cos-
mological constant. In particular, they contain the information on fixed points g, of the RG flow where, by
definition of a fixed point, the beta functions vanish simultaneously, 3¢ (g%)| ga—ge = 0 constants. In the



vicinity of a fixed point, the properties of the RG flow are captured by linearizing the beta functions around

the fixed point. Defining the stability matrix By, = dgbfga |g:‘g , the linearized flow takes the form

1\ (10) HY B BRE RS T L BN IHE S T IR EREC R, BRME, BNNEE8 7T RG i
PR g WIEE:AREATIRIE N, R g BRI NE, B (%) yamge = 0 NHEL ETEJJM
B, RG ImAIMEBTATIEIE R B RETE A ARG, & NAEMHRERE By, = 6gb,8ga| &,
SMEmE

ko \o
gt (k) =g+ Y clvg(=2) . (13)
Sevi()

Here the V| denote the right eigenvectors of B with eigenvalues —6; such that ¥ B,V = -6,V k, is
b

a fixed reference scale and the C! are constants of integration. If Re §; > 0, the flow along the eigendirection
V 1 automatically approaches the fixed point g% as k — oo . In this case, the C; has a status of a free parameter.
Analogously, eigendirections with Re 8; < 0 are repelled from the fixed point as k — oo . The requirement that
the fixed point controls the flow at high energy then demands that the corresponding integration constants
Cr must be set to zero. Compared to the effective field theory framework, asymptotic safety then potentially

fixes an infinite number of free couplings, leading to a vast increase in predictive power.

AL v FR B RIERHEAE, X MARHEESN —6;, Hf Z By VP = -0,V ko REESEIE,

CI N HE, £ Re6; >0, Lk — oo, WHRHMETTIH VI MIish = B AL alA g o XA
BRE, ¢ AHH Hﬂﬁiﬁlﬂ"]ﬁlﬁo KU, 4k — oo I, /2 Re 6y < 0 BYRHETT A XA B sk
Fro #HERA) RIZEHISREX AN, NN MRS EE ¢ BEET, SHIVGZCHERMLL, #
Tzt DAEE L5 21 B Bl E, BOETt 7 iilaES T,

The beta functions (10) give rise to two fixed points. Firstly, the Gaussian fixed point (GFP) is situated
at (g.,4,) = (0,0) . It corresponds to a free theory where the stability coefficients are determined by the
mass dimension of the coupling constant. Thus, the GFP is a saddle point in the g — A -plane: linearized
solutions with g > 0 are repelled from this fixed point for k — oo . This feature reflects the perturbative
non-renormalizability of the Einstein-Hilbert action in the Wilsonian language.

K (10) B g RSN ABIR. L, =T AaIRA (GFP) AL T (g.,4.) = (0,0) o BB H
i, HEEERBEMESH N REEERE, FHit, S rehnzd g—1 Vil LR Sk - o
I, e g > 0 IR BZ AT RHEF . X —FHEERURIEIE S R T Z R -/ /R85
e AP PR

In addition, the flow possesses a non-Gaussian fixed point (NGFP) located at

WA, ZmahEE— DN EE T A8 R (NGFP), T

g, =0.707, A, = 0.193. (14)

From Eq. (10) one sees that the anomalous dimension of Newton’s constant at this fixed pointis 7y = —2
. Its stability coefficients are given by



M (10) FIBEH, EASNRAFIEBER LR gy = -2, HEEEREEH FRAH

6, = 1.48 + 3.04i (15)

such that RG flows in its vicinity actually spiral into the fixed point as k — oo . In the fixed-point regime,
(14) then entails that the dimensionful coupling constants scale according to

154 k — oo If, HAFERWA) RG KPR ERIEe S ENZ A . EARRIXE, K (14) Al
H RS B B0 R A0 AR R R

lim Gy = g,k72, lim Ay = A,.k%. (16)
k=00 k=

In particular the dimensionful Newton’ s constant vanishes as k — oo , entailing that the asymptotic

safety mechanism renders gravity antiscreening. At last the field equations can be obtained from

BIAT S, BNTEERE kK —> o 8T, XEWE L2 SISO R BRI, 5%
iR R

6Sk _
3, (o) |l =0 a7

so that we can write the following scale-dependent field equations

IR ERATTA] DA H A S AREBR E (137 75 12

Ry [(9)] = SR [@)e] o) = A(K) (o), +87G () (T, (18)

where the evolution of G (k) and A (k) is determined by the § -functions (10). Equation (18) coupled with
the 8 -functions can be used to describe the properties of classical solutions of the field equations "dressed” at
different energy scale k , a procedure called renormalization group improvement. This is, in fact, a standard
device in particle physics in order to add the dominant quantum corrections to the Born approximation of a
scattering cross section, for instance. In QED one starts from the classical potential energy V, (r) = e*/4xr

and replaces e? by the running gauge coupling in the one-loop approximation:

Hrr G (k) F1 A (k) BITE L B A% (10) BiE. 7572 (18) 55 B HREEE &, WM Ttz 5 BRIt
FRERFRIRERS kT B R, XAy ER RO, SEhR L, KRR E A ATAR
WETTIE, BN, MTEEEEERBEL LN ESE FBIE. & THEshFH, RIMNZRE
RE Vi (r) = e*/amr i, R e BN BN L MRS e &

e2 (k) = €2 (ko) [1 — bln (k/ko)] ™, b = €2 (ko) /672 (19)

The crucial step is to identify the renormalization point k with the inverse of the distance r (this is possible
because in the massless theory r is the only dimensional quantity which can define a scale) so that the result

of this substitution reads
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V(r)=—e*(ry)[1+ bln(ry/r) + O (e*)] /Anr (20)

where the IR reference scale r, = 1/k has to be kept finite to avoid IR divergences. It should be stressed
that Eq. (20) is the correct (one-loop, massless) Uehling potential which is usually derived by more con-
ventional perturbative methods. Obviously, the position-dependent renormalization group improvement
e - e2(k), k « 1/r encapsulates the most important effects which the quantum fluctuations have on the
electric field produced by a point charge. In gravity one can expect the same procedure works at least quali-
tatively [10]. On the other hand, when we promote k to become a dynamical quantity at the level of the field
equations, we impose a stronger mathematical compatibility between the running from the renormalization
group and the field equation. Albeit this procedure is only self-consistent, the resulting cosmic dynamics lead

to interesting phenomenological consequences.

HAPLANBEIRE 1y = 1/ko DFRFFAIR, DUBRLINEEL, FEBEANE, =X (20) B2 EFL
(F[E, JoliE)Uehling %, BIE @S HHEMAMIUTERESEEL B, R ERERIERK
it e? — e (k) k o 1/r BEFE T 8 FIKEON mUFLT A2 B B B RN, (£ 5 ) Fh, FRATTA] DATEA
MR R PR REKAL [10], 55—, ABMESRRRER k2T I8N, 3,
TSR R AR RIS 1775 12 Z (Al 2 SRRV ECA AR A M. REIZSRMNER B8, SEIRFHs)
N AR BRHER P45 R,

Homogeneous Cosmologies

SRR

The application of the RG improvement level of the field equations to cosmology is straightforward in
case of homogeneous cosmologies as in this case every physical quantity can only be a function of the cosmic
time ¢ . In this case a time-dependent scale dependence of the type G (t) = G (k(¢)) and A (t) = A (k(t)) into

the Einstein equations is introduced

G ERARSOE N B T8, S THESR N OEE, BNZFHEHrayEE
AN RE R TR (A ¢ (9P, TEIXFIBEIL T, G () = G (k1) TR A (1) = A (k (1)) BURIARIUR )
I RIS MRS | A2 R E T R

1
R,Lw — zgMUR = —A(t)g,w + 87G (t) T;,w 1)

so that the solutions are dynamically dressed. Let us assume g,,, to describe a spatially flat Robertson-
Walker metric with scale factor a (¢) and take T,,° = diag[—p, p, p, p] to be the energy-momentum tensor of
an ideal fluid with equation of state p = wp where w > —1 is constant. Then the improved Einstein equation
reduces to the modified Friedmann equation and a continuity equation:

10
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H? = %’Tc;(t) o+ %A(t) 22)
. _ A+87pG
p+3H(p+p)= G (23)

An integrability condition for the improved Einstein equation implied by Bianchi’s identity D# [—A (®) 8o
0 must hold. It describes the energy exchange between the matter and gravitational degrees of freedom (ge-
ometry). One can then obtain G (k) and A (k) by solving the flow equation in the Einstein-Hilbert truncation
with a sharp cutoff once a cutoff identification is made. For actual calculations it is natural to employ the

cutoff identification

I HE 22 BB 5K DH [~ A (1) 8 + 871G (1) Ty | = 0 45 HH ISR R T IE 77 RR R AT ARV SR A 6 KA
B TYIRS 510 B EE (JUA) Z RIRTRER A, — Bk #kiriR A, I8 SR R B AT &=
RIBRE-F/RAERHERIT R AT 2, BRI DSR2 G (k) F1 A (k) o X TSERRITER, BRI

TR

k(t)=E&H (1) (24)

where ¢ is a fixed positive constant of order unity. As long as H > 0, this is a preferred choice since in
a Robertson-Walker geometry the Hubble parameter measures the curvature of space-time; its inverse H™?
defines the size of the Einstein elevator.” From a more formal point of view, the Ricci curvature R of the
background space-time acts as a mass term in the fluctuation determinant in the gravity sector of the FRGE
for gravity. If no other scales are present in the system, for a maximally symmetric space-time, (24) is therefore

a reasonable choice.

Hrp ¢ ZR908 1 WEEENHE, REWE H >0, XEg—MUEiEs, BAES -k
JURI, MRS EUE & T INRRgEhE; HEE a1 @ T “BEREUEE IRE, WEERLR
FEERE, BRI R RS IR BRI S R, (ka1 75125
BUUF R, HARAFT I FERMIRE, AN TRAFAZS, K (24) BILE — DS BERNERE,

It is interesting to see how trajectories of the Einstein-Hilbert truncation can be matched against the
observational data. This analysis is fairly robust and clear-cut; it does not involve the NGFP. All that is needed
is the RG flow linearized about the Gaussian fixed point (GFP) located at g = 4 = 0. In its vicinity one
has A(k) = Ay + vGk* + --- and G(k) = G + ---. Or, in terms of the dimensionless couplings, 1(k) =
Ao/k* + vGKk? + ---,g(k) = Gk? + --- . In the linear regime of the GFP, A displays a running « k* and
G is approximately constant. Here v is a positive constant of order unity [22]. These equations are valid if
A(k) < 1and g (k) < 1. They describe a two-parameter family of RG trajectories labeled by the pair (AO, G) .
It is useful to use an alternative labeling (Ar, k) with A = (4UAOG)1/2 and kr = (Ao/ UG)1/4 . The old labels
are expressed in terms of the new ones as Ay = %ATk% and G = Ap/2vk% . It is furthermore convenient to
introduce the abbreviation gr = A;/2v . When parameterized by the pair (A1, kr) , the trajectories assume the

form

11
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RGP -7 /R A T K L A £ 5 W S DE R S AR A R S, A AT AR Y R LS5 1080
f; EARW N NGFP, BAMNFEXNMT g = 2 = 0 AEHi R3S (GFP) M MALALB] S ) RG
o FEHABRNA A(k) = Ag +VGK* + - FIG (k) =G + --- . B#E, FLBIHER RN A(K) =
No/k? +vGk? + -+, g (k) = Gk* + -+ o 1E GFP IUZRMEIX[AIN, A EMMHHIZIN o« k*, H GILUNHE
B, AL v R —ANRIH 1 IE R [22], XEETFRTE A (k) < 11 g (k) < 1 4 HE Rk, EATH
SR T HI (Ao, G) MARIZHINSEL RG HUb T, MAIEAIRIE (Ar, k) 2HEE, HA Ay = (40A0G)
Hkr = (Ao/vG)"" o IBFRIEAT LAFBRIEER RN Ao = A0k 1 G = An/20kdk o IES, SIAGHS
gr = Ap/20 SEFE, U (Ar, k) MBBULE, HUBHRN

Ak) = %ATk% [1+ (kiko)*| = Ao [1 + (Kikr)*| (25)
A
G = 305 = %

or, in dimensionless form,

8#, UILERNEARTN

2 2 2
A = 2n [("—,j) +(5) ] 80 =er( ) (26)
As for the interpretation of the new variables, it is clear that Ay = A(k=ky) and gy = gk =ky),
while kr is the scale at which §; (but not ; ) vanishes according to the linearized running: §; (k1) =
kda (k) /dk]| k=k; = 0 Thus, we see that (gr, Ar) are the coordinates of the turning point T in Fig. 1 and
kr is the scale at which it is passed. Let us now hypothesize that, within a certain range of k -values, the
RG trajectory realized in nature can be approximated by (26). In order to determine its parameters (AO, G)
or (Ar, kt) , we must perform a measurement of G and A . If we interpret the observed values G jpgerved =
ms2, mp ~ 1.2 X 10°GeV , and A gpgerved = 3Qa0HZ ~ 107*°m?, as the running G (k) and A (k) evaluated
at a scale k < kg , then we get from (25) that Ay = A gpeerved @A G = G gpervea - UsIng the definitions
of At and kt along with v = O (1), this leads to the order-of-magnitude estimates g ~ Ar = 10% and
kr ~ 10_30mpl ~ (10_3 cm)_ . Because of the tiny values of gr and A , the turning point lies in the linear
regime of the GFP.

ETHEARNIELRE, BRE Ay = A(k=ky) M gr = gk = ky), TARIBEMALHIZ), Ky 26
B (M By ) NFHIIRE: B; (ky) = kdA (k) /dkl,_y, =00 HILATA], (gr,Ar) BE 1 FHHR TN
AR, kp MZE I RIARE, BIEFARIE, 76 k [EN—EEEN, BARRLHERE A
BzAT DA (26) RIE Bl N THEHSE (A, G) B (Ar, kr) , TAIRHN G 1 A BATIIR, K
TTEIIE G gpservea = M Mpy & 1.2 X 10"°GeV Fl A gperved = 3Qp0H2 ~ 10720m2, 2R NFRIE
k < ky SEHIENH G (k) FT A (k) , ABABATTH (25) FNAT1E Ag = A ghserved M1 G = G gpserved o ST At
il ker BIEX DS v =0(1), AISRIEERAELT gr ~ Ar ~ 107 Ml ky ~ 107%myp & (10_3 Cm)_1 .
BT g A1 Ay BB/, #3500 T E € L (GFP) ALt X IR,
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k=H ¢

GFP ?\.

di 1/2

Fig. 1 A ”realistic” RG trajectory emanating from the NGFP and producing a classical era with a crossover
near the GFP

B 1 — S MAERTIE E S (NGFP) Hik, 1EMTEIE s (GFP) FHI et X, et 5= 6 I Y
IS BB

Up to this point we discussed only that segment of the "trajectory realized in nature” which lies inside
the linear regime of the GFP. The complete RG trajectory obtains by continuing this segment with the flow
equation both into the IR and into the UV, where it ultimately spirals into the NGFP. While the UV continu-
ation is possible within the Einstein-Hilbert truncation, this approximation breaks down in the IR when A (k)
approaches 1/2 . Interestingly enough, this happens near k = H,, , the present Hubble scale. The right panel
of Fig. 1 shows a schematic sketch of the complete trajectory on the g — A -plane and Fig. 2 displays the re-
sulting t -dependence of G and A . Numerical integration of the field equations coupled with the  -functions
reveals a universe model which starts from a state of zero entropy and the radiation entropy observed today is
due to the coarse graining. It turns out that the RG-improved field equations possess solutions with an epoch
of power law inflation immediately after the initial singularity. The inflation is driven by the cosmological
constant and ends automatically once the RG running has reduced the vacuum energy to the level of the mat-
ter energy density (see [23] for further details). Important extensions of these ideas to Bianchi IX and to the
study of the BKL singularity have appeared in [24].

FIHATALE, BAMGHIET “BARALINHIE” T GFP &M:XIMNIE sy, B iR
%A ERIALTAMITER AN T AR, BIAT1S25280) RG Uk, HUBRASIBHe ST NGFP, & [
H-FRAA RN AT DASEERER AN T AU EERR, (224 A (k) #4172 I, ZIETELLINX IR 3K, 7 i
2, X—RRR LSRG EIRE k = Hy i, B 1 GRS T e889lE g — 2 Fi ErxR
RE, B2 BRTHIEEN G R AR KR, NS g KB /R TEER Sy, Al
F—NEFETERISHF AR, SRR SRR TAR L, S5R%EH, RG BuHr
TR ERIIGFT UG RN T m R AK AR R, X IR T A EUKS), Y4 RG M E=3RE
BV RAE R RN, BRIk B ahas o G — 0415 WKk [23]), IX 4 BAETE Bianchi IX Y
FH M BKL A st o2 R A B4 TSk [24]0

The approach discussed so far has the advantage of a direct physical interpretation of the averaging scale

1/k , but its actual implementation in a covariant framework presents some conceptual difficulties connected

13



with the integrability condition of the Bianchi identities. For this reason an alternative approach based on a
renormalization group improvement at the level of the action has been developed in [25-27] and applied in
[28] to the problem of the H, tension [29]. Very recently, an alternative approach based only on the renor-
malization group improvement at the level of the equation of motion has recently appeared in [30], where
bouncing solutions, recollapsing solutions, or non-singular expanding solutions with a transient acceleration

era have been discussed in detail.

FIHATN I THERNXETT AT i AER PR 1/k 48 Y B fRRe, (BAE D EHESE R SEbR
KEIR, SBF5 e BRSNS AR — S MR IR X, (I, STk [25-27) /g 7 —#
ET M 2R E AR SOE R RUTIR, TSR (28] HRM T Hy 5K [29] &ilr, X
Bk [30] $2HH T 55 — R (U T I8 8 75 A2 R I R R ARG R 7T 1%, ZOCHRIEAI I I8 T 3Bk, P4
figd, DARAFAERR SRR BRI IE AT S AR

A A G
2
m 5
Pl } A"“k-
G = const
S -2
T- m
Pl
2
G~1/k
4
120 2 A~k
10 m A= const
.- I
0 | >
[ [ | K
H, kT m,

Fig. 2 Evolutionary trajectories of G (¢) and A () emanating from the NGFP towards the infrared [23]

&l 2 M. NGFP [AIZLANEILRY G (1) T A () BYTEALEIZE [23]

Inflationary Models

KB

A direct connection between asymptotic safety and cosmological data may be best obtained in terms of
an effective action for inflation as discussed by Weinberg [31], but here we make use of a different cutoff iden-
tification. As discussed before the Ricci curvature plays a role of a mass term in the fluctuation determinant
of the FRGE; for this reason it is natural to assume that in the case of the early universe, k is of the order of

the local Ricci curvature, so that
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#2555 P IINESEE < MR ERBCR, IR EAS [31] ATITIERY, s el DL 2IKEARL
e R EAF S, (EASCEATRAANFBREERA, AETSCAng, BEE#AE FRGE RIHKE 1751
APEERBIIEM; FHBEMREAMIND, ERIITHEE T, AFETREETHE,
It

Diemk s [8uv]s Kot ~ R 27)

In other words, fluctuations below k? ~ R are suppressed and R plays the role of an effective IR cutoff.
If we assume that the scale of inflation is not too deep in the UV region, one can describe the flow in terms of
its linear expansion around the NGFP, Eq. (13). In the presence of matter it is useful to distinguish between

the two cases of real or complex conjugate critical exponents. In the first case (13) implies

ME2, RERINT K ~ RAVBKIE LR, R 74 T ARELIMEMTRIA G, IR MR RAKATREIR
SRRAZINXIR, wir] A EAE NGFP MHEAVZM BT KA R, B (13). AEYIHN, X
I 5 S5 8 5 B HAETEHOXMATB I 2 IRA RN, S—MEET, Xa3) %At

k™% k\ ™%
A=A + cle%(k—()) + czeé(k—()) (28)

-6 -6
k 1 k 2

8k = 8« +c1e%<k—> +029%(k—> (29)
0 0

For complex stability coefficients, 8; , = 6’ + i6"” and the eigenvectors e, , are complex conjugates of
each other. Redefining e; = Ree; and e, = Ime, and similarly for ¢, , , the general solution can be written
as

Xﬁﬂ:gi%’\ﬁl[\igiﬁ, 91,2 =0 +i0"” *ﬂﬁﬁﬁ'ﬂ% €12 E?ﬂﬁ#ﬁ?fo E%%X e; = Ree,; *H e, =Ime,
, R eq, MERPUEHE)S, @R IS N

A = i+ ((c cos (07t) + ¢, sin (6”'1)) e} (30a)
k™
+(cysin(8"t) — c; cos (8"1)) e3) <k_> ,
0
8k = 8« + ((c1 cos (8"1) + ¢, sin (0"'1)) €3 (30b)
—o’

+ (¢ sin(6”t) — c, cos (0't)) e%) (kﬁ)
0

Here t = In(k/ky) . Therefore, assuming (27) we obtain two possible modifications to the Einstein-

Hilbert Lagrangian. In the case of real critical exponents, the effective Lagrangian reads,

AL ¢ = In(k/ko) o BRI, IR (27) Oz, FRATTATLAG 22 RITHE-F /RIARFHoAS B H B A PiRfeT
REMBIE. IRSHEEOVSCHITRE S, ARSI H &N
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4-06,-6, 4-0; 4-0,

L eff = 'CEH + aoRz + blR 2 + bzlaT + b3RT + b4R2_61 + bst_ez,

(31)

while in the case of complex critical exponents, one obtains

MmiESEBOVERIRE T, AlbAMe2]

_ a4’ o ae’
Legr = Lpy + aoR* + b1R™2 cos (16" In (§—§>) +b,R™ 2 sin <19” In (é’_lj))
2 ko 2 k2

~ ’ ~ ’ R ~ ’ R
+b;R?>7% + p,R* %' cos <6” In (5_2)) + bsR* 9 sin (6” In <§—2>)
ko ko
(32)
where ay and the b’ sand b’ s are coefficients that must be determined from observations and Ly is

the standard Einstein-Hilbert action [32].
Hevay, bHlb B HMIEERNRE, Loy BbnERZESHE-F/RIARHER R [32].

Can we test the consistency of the scale setting procedure we have employed? This is in general a very
difficult task because the solution of the flow equation (6) for the f (R) theory at k = 0 is not available. On
the other hand, the properties of the fixed-point solution at a large curvature have been studied. As discussed
in [33] for the Benedetti-Caravelli flow equation [34], near the NGFP the structure of the fixed-point scaling

Lagrangian reads

BATRES KA A bR BE R B IGTE? —Bam 51X 2 —BUHER RMERIESS, BN f(R) BLTE
k = 0 KERYFTTRE (6) I, 5— 77, KRR TS RRIMREAIF. ISR [33] £
X IAAGE-RRL BRI [34] HUNIE, 7€ NGFP HE, FalmbrEhMs I H RSN

3
Lo = aR? + R<7a +bcoslnR? + csinlnRZ) (33)

which can be considered a special case of (32) depending on the value of the critical exponents and of
the constants a, b and c . One can thus hope that, at least qualitatively, the scale setting procedure based on
the k? « R identification at the level of the action leads to physically meaningful results. Following this idea

we can consider the following Lagrangian which includes the relevant coupling R? ,

ERILAEER (32) IRHERTEIE, MR IR SHE R AN F & a, b T ¢ FUERME, [RIEERATTAT DATU, =
PIEEMER, ETEMARRN L « R FRRIEREREESEI R A R X ER, B
— B, TATAT DA BN T S S R BRI I H &

1
L, =
k™ 167Gy,
and implement the cutoff identification in (27). A detailed calculation shows that the resulting effective

(R —2Ay) — BkR? (34)

action can be obtained [35]:

LI (27) FRRVEBMTRIR. TRAITHRER, n] DS EIRAHNERIEM & [35]:
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1 4 =% R?
S= 2m{2fd x\/—g[R+ocR 2 +W_A . (35)

Here m is the scalaron mass, 0, is the critical exponent of the R? -operator, and x> = 877G . As §; ~ 1

, it is then possible to constrain the value of a in the slow-roll approximation. Mapping (35) to the Einstein
frame yields

AL m BbrE TR, 65 /2 R? BATHIIGS e, H «® =87G . FERFEILLLT, 4556, ~1, it
A DAR o AUERMELZS HIRR, H53X (35) Bt 2% RITH ARG 2

1 1
S = /d4x\/ —8E [mRE - zgévaﬂdﬂaw -V (¢)] (36)
where
Hrp
N 2
V. (¢) = M 192 e\/gqu -1
T 256K2
2 2
—3a* + 128A — 3a? (ocz + 16e\/;’“25 - 16) mp16a3\/oc2 + 16e\ﬁk¢ —-16
2 2 3
—32a (oc2 + 8e\/;(¢ - 8) + oc\/oc2 + 16e\/;‘¢> ~ 163}

(37)

Here a and A are dimensionless effective coupling constants, obtained by rescaling a — o/ 3\/§m and
A — Am? . While in the limit @ — 0 one recovers the original Starobinsky model, in general a nonzero « in-
troduces a significant deformation of that model where two different types of scalaron potentials are possible.

AL o il A BRTERBNERFEEHE, Mo — a/3vV3m Al A - Am? EZHEE], 4 o — o BUkR
I, FATA] AR ZI e A 2 S, mi—Amo T, JEFH a AR 4 BRI,
PR R R T35

Asdiscussed in [35] it turns out that it is possible to constrain the value of « in the slow-roll approximation
and in particular for € [1,3] and N = 50 e-folds, the spectral index n; € (0.965,0.967) and the tensor-to-
scalar ratio r € (0.069, 0.0076). These values are significantly larger than the Starobinsky value but still in
agreement with observations [36]. Future CMB anisotropy experiments like CORE [37] or LiteBIRD [38]
should be able to discriminate among these models.

IEQNSCHR [35] ATiie, fEEEIEMIT, RAlEMN « € [1,3] M1 N = 50 e BT &M S, BT DA
X o BHMEIPAZI R, BENEFEE ng, € (0.965,0.967) S55kAREE r € 235174 (0.069, 0.0076), IXLE(H
HH B K T s % R B R A e, (A S IEE SR [36] HHAF. AKAY CMB & A F ks,
CORE[37] 5{ LiteBIRD[38], I 4REMSX 53X LEfsiY
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Markov-Mukhanov Approach and Bouncing Cosmologies

SR R-BIGTER T RS R i

In this section we shall make use of the Markov-Mukhanov formalism [39] to discuss a class of bouncing

cosmologies with a dynamically evolving Newton’s constant from the AS scenario.

AR TEANFH B/RATR-BIRTERTERUAR [39], WIE—2KRE AS T HE. T KbEsh /)£l
FY S 585 i

Let us consider a matter fluid of energy density ¢, 4 -velocity u* with u,u* = —1 and rest-mass density p
. Mass continuity implies

BAVERERTEN ¢, 4. BN w* MYIBURIE, e uut = -1, FHERBEEEN o, FEE
Sk

(out) ;=0 (38)
and
il
op ¢
P p@E+e 39

for a non-dissipative fluid (note that in general € = £(p) ). In the presence of gravity the field equations
can be derived from the following action:

EH TR A (ER BRI N e = e(0) )o TFIESIIN, 75 R HA0 MEH & St

1 4
S = ) d*x\/—g[R+2x(e) L] (40)
where £L = —¢ is the matter Lagrangian and the function y = y (¢) is a multiplicative gravity-matter

coupling. The metric variation of the matter part of the Lagrangian yields

il £ = —c ROIFHISHIE R, BBy = ¢ (o) B3IV G KRS LIRS 3 0
By 4aH

L
Vg

and prime means derivative with respect to € . The variation of p under a change of the metric reads [40]

§(24/—gxe) = 2(xe) 8 — Xe8uyB8H” (41)

W™ & K TFo o X EEMASALHTAE 73 FH SCHR [40] 45 H

Sp = ‘g (8uv + uyuy) 884 (42)
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so that the total variation of the action (40) leads to the following field equations:

PRI 7 I & (40) (U 2 e 1S 2140 M7 R

1 ' ,
R/,w - Eg/.wR = (xe) T,uv +X Ezg,uv- (43)

Here we must assume that y (¢ = 0) = 87Gy to recover standard GR at low energies, T, is the energy-

momentum tensor for a perfect fluid

HAEBATRINRSL x (€ = 0) = 87Gy , ARETEMRAE MIKEINMES SHXIE, T, BHEAFRIARGER

shEKE

Ty = (e + p (&) upuy + €8uos (44)

and we used (39). Bianchi identities imply

FHHBAMMER T (39) Ko He R EFRSLH

()(E)”E’MT/“W +(x'e¥)e’ =0 (45)

as we used T, = 0. By projecting along u* we obtain an identity, and therefore, the total effective

energy-momentum tensor

HSHHET T, =0, 1 ut BERHENER—MEFN, FHEESARERIIRKE

Tyevff = (){E),TM‘I} + )(,Ezg,uv (46)

is always conserved in a homogeneous universe. We can thus specialize the action for a homogeneous
FRW background so that

TEX) S T RS IER . FATKIE AT DUREH Rk (L NS 5) FRW R, 155
S =: 3}{—‘;3 dtL:3K—Z3 dt(ad—aK+%3f0G(s)ds) 47)

where V5 is the volume of the 3-space, K the intrinsic curvature parameter, and L = L(a,d) the La-
grangian. If 7, = dL/8dis the conjugate momentum to a (t), the condition on the Hamiltonian H = 7,d—L =
0 implies that

Hrb v, B4 HAAT, K RNERIRSE, L =L (a,q) BRIARHHE, & 7, = 6L/6a /2 a (1)
HHizhE, WEWE H = n,a — L = 0 T ERISRES H

@?+K+V(@)=0 (48)

where
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5

(12 e(a)
V(a) = —?f G(s)ds (49)
0

and ¢ (a) is determined by the conservation law

H e(a) HFEEHIHE

de+3(p(e)+¢e)dlna=0. (50)

We now need to specify both an EOS for p (¢) and G (¢) . If we assume that the energy scale is determined
by the energy density of the system, the NGFP is reached at infinite densities, so that in general G = G (¢/¢;)

and /lim G (g/eg) = 0 being ¢, the Plank energy density. Moreover, /lim G (e/eg) = Gy where Gy is the
gleg—> 0 e/eg—0

value of the Newton constant. We can encode this behavior in a functional form of the type

BEBAFRZFRTEE p(e) T G (o) IPISTT . MRBIZRRFHIGEIRE B HREREEIE, 8
BTSN (NGFP) EL55 TR ALIAR, HI—8H G = G(e/ep) , HH o BEHIERERTE,
lim G (e/ey) = 0 ML, BEAP, Jm G (e/eo) = G, Hrb Gy BAWURBHME, TR DORFIX —

gleg—> 0

(EPLEZ oL UNNI 7w

N

Gy
e(2)

which loosely resembles the result of the 8 -functions in some models of AS [2], and £ and y are positive

G (e/ey) = (51)

free parameters.
XL 2 (AS) BRMERI B RIS R ABAREL, B &y NIEEHBE

For an equation of state of the type p = we , bouncing or emerging cosmologies are then obtained for
various values of y and w , as in Figs. 3 and 4 for the potential V' (a) . It would be interesting to discuss the
phenomenological implication of this cosmological model in terms of structure formation and initial spectrum
of cosmological perturbations.

XNTYESTTEERN p = we BRI, =5y M w BONFEHER RIS 2 S 585 H A BRI = 8, W
B V (o) MRAIE 3 FIE 4 FoRe 8% 8 AR ST SR T RIS R R =
RIREE XA TR,
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Fig. 3 Effective potential for K = 1,y = 1/2, and various values of w . Note that in this case there is no

bounce for w > 1/3 but an emergent universe

B 3K =1,y =12 NEAERSE, DK w BAREREN, EEEXELT, 4280w > 1/3
ARG, REIRE —NRILT .

The IR Fixed-Point Cosmology

ELAM B T

In section ”Wilsonian Action in Cosmology”, the presence of a singularity in the § -functions (10) at
a finite value of k = k¢, When A(km ) = 1/2 does not allow to reach the k — 0 physical limit. The
termination of the flow at finite value of k could be simply a consequence of the nonuniversal feature of the
flow in the IR, in fact if the pole at 1 = 1/2 disappears for a class of spectrally adjusted type III cutoff [41]
or for the exponential parametrization of the fluctuation field [42]. On the other hand, the presence of the
pole could also signal the occurrence of a phase transition as k — 0 where a new set of IR-relevant operator
emerges in the effective action, as it is well known, for instance, in a scalar field theory in the broken phase.

In order to illustrate this point, let us consider a Z, -symmetric real scalar field,
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£ “FHEPNBURBERE" —TH, 2 A(kem) = 1/2 TIEIEE k - 0 VIFRIRI, BB KL
k= ke FARREAGFET R, MEAR k EL%LE, AJRERBLINRIFSER TSR, F
Kb, T REENA TR 100 BT [41], SURXTEKEIRATEESEIL [42], A =172 RIS
BLRHER 577, BRI ERRRETUREAZERE, HA k- o FAREHET SR A
HHILLIMBR R —X — = AL, BB R PR R IE R A, VA — 5, ]
FIE— 2, MRH AR,

Selgl = [ ax{30,004 + 32 (0 + 52008 (52
In a momentum representation we have
ENBRR TEAE
sP = 55 g‘; = p* + m? (k) + A (k) ¢%, (53)

so that S is positive if m2 > 0, but when m? < 0, it can become negative for ¢? small enough. Of
course, the negative eigenvalue for ¢ = 0, for example, indicates that the fluctuations are unstable, and the
nonlinear evolution of this instability is a "condensation” which shifts the field from the "false vacuum” to
the true one, a phenomenon called instability-induced renormalization [43]. In particular, the § -functions,
obtained by p -integrals over (powers of) the propagator [ p* +m? (k) + kz]_1 are regular in the symmetric
phase (m? > 0) , but there is a pole at p* = —m(k)’ — k2 provided k? is small enough in the broken phase
(m? <0). For k?

occurs. In a reliable truncation, a physically realistic RG trajectory in the spontaneously broken regime will

induced renormalization

not hit the singularity at k? = |m(k) | but rather make m (k) run in such a way that (m(k) | is always smaller
than k? . This requires that

LY m? > 0 B SO HIE, {H m2 < 0, HE ¢ 205/, 5@ Al iR, B, ¢ =0 MR
MR, SRR R L 28 2 R, (E5M, “ B B
B2 X BN AR A S A [43], ELASKE, BT [p? + m2 () + k2] (0
20 i p BN B BRAEXTAA (m > 0) SAIERIN, mmgzwa (<o) th, g2
W, BRATE p? = —mk) — k2 RLHBIRRA. 2 K %5
AU /E, (eI RROR T, Eﬁﬁﬁﬁ%tﬁﬁlﬂﬁ"%@khﬂ’] RG zm WAL K2 = |m(k)|
R, TR 2| G VT K2 TR BIE, X TR

/\

—m(k)® x k2. (54)
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—_— =1 |

Fig. 4 Same as the previous figure, but in this case y = 1. In this case a bounce is always present
K 4 SEi—EMER, EAEYy =1, ZXRE FAZFTER 5

In order to avoid the singularity, a special running of the mass term is necessary to properly recover a
convex effective potential in the k — 01limit [26]. However, the truncation implied in (52) is not enough to de-
scribe the broken phase, because its RG trajectories terminate at a finite scale K oy, With k2 = (m(k term )2|
at which the § -functions diverge. Instead, if one allows for an arbitrary running potential U (¢) , containing
infinitely many couplings, all trajectories can be continued to k = 0, and for k — 0 one finds indeed the

quadratic mass renormalization (54).

NT R R, FRIFEERRNES), AHE1E k — o IR T IEMSEI AR [26], B (52) B&&
OB 2 AR, [ E R RG HUBSAEARIRE K om ZIET Ko = [m(kem )?|, It
I B g BRI, Rz, MRAVHERHZNSE U, (p) BETLHZ MG, Frafulale] DUEH ]
k=0, FHXNT k— o ffisLa] DIG2] IR R B (54)

How is this example related to gravity? Let us consider a family of “off-shell,” spherically symmetric
backgrounds labeled by the radius of the sphere ¢ , in order to disentangle the contributions from the two
invariants f d*x4/g  ¢*and S d*x,/gR x ¢ to the Einstein-Hilbert flow. It is then convenient to decompose
the fluctuation h,, on the sphere into irreducible components and to expand the irreducible pieces in terms

@

of the corresponding spherical harmonics. For hy, in the transverse-traceless (TT) sector, the operator I},

equals, up to a positive constant,
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XABIF S RRE? N T X2W PN AER [dix[g « ¢* S d*x,[gR « ¢* X EHIHIH-F
IRMERFR A TTRR, FRATBE—HEHERER ¢ RICH) “B5T” BRONRE R, KBk _LATEKYE hy, 72
NARL) o 8, R AT LTEE 0 A N BRI R R TT, IXARACR T Y, X TREEJCE (TT) X
(M) hy , B8 L0 FE— N EHSTEE N ST

—V2+8p72+ k% —2A(k), (55)

where V2 = g’V « Vo 1s the covariant Laplacian acting on TT tensors. The spectrum of —V?2, denoted
{ pz} , is discrete and positive. Clearly,(55) is a positive operator if the cosmological constant is negative. In
this case there are only stable, bounded oscillations, leading to a mild fluctuation-induced renormalization.
The situation is very different for A > 0 where, for k? sufficiently small,(55) has negative eigenvalues, i. e.,
unstable eigenmodes. The allowed part of the g - A -plane (4 < 1/2) corresponds to the situation k? > 2A (k)
where the singularity is avoided thanks to the large regulator mass. When k? approaches 2A (k) from above
the B -functions become large and strong renormalizations set in, driven by the modes that would go unstable
at k> = 2A . In this respect the situation is completely analogous to the scalar theory discussed above: its
symmetric phase (m2 > O) corresponds to gravity with A < 0 ; in this case all fluctuation modes are stable
and only small renormalization effects occur. Conversely, in the broken phase (m? < 0) and in gravity with
A > 0, there are modes, which are unstable in the absence of the IR regulator. They lead to strong IR
renormalization effects for k? \ |m(k)2) and k? \{ 2A (k) , respectively. It is therefore possible to conclude

that the instability-induced renormalization should occur also in this framework so that

Hep v2 = gy, v, BERT TT KBRS TR, —Vv2 BECHh {p?}, REBUETER,
B, HFHEBOUN, (55 B PIEER. XMEN FRFERENE RS, (U4 mFrEk
wAESEEM, ST A > o BIRIN, BN X TR/ k2, (55) fAEIRHEE, B
AREAMER, g- 4 P (4 < 1/2) FIARVFIXIBON B k2 > 2A (k) IR HL: KA B3 B3 i
RT A Ro 3 k> M ETTEE 2A (k) I, g EREEER, BMERAIHAHI, XREALE k2 = 2A 25t
KRB RERIEAIRBNN, BT S, XEAERANRN_ESOHErirE B2 220 BRI
FRAH (m? > 0) XN EAH A <0 BI5177; IR ATA BRIEEAARARE R, (0B RN ERER,
Rz, TEREAE (m? < 0) IBAH A > 0 510, HAFELINAT A, MRIFEMIEHN &
A5 2 N [mk)*| k2 N 2A (k) HEORIBLLIMNERACRANL, (R FRATTAT DS HHE5IE: XA
FRE S SRR IR RTEIZAESR P HEBL, Al

li — IR, li — LR
lim 2(k) = 4%, lim g (k) = g (56)

with AR # 0 and gIR # 0. Investigations based on a bimetric truncation of Einstein-Hilbert gravity have
actually found a fixed point which could regulate IR behavior [44]. Moreover, there are also indications [45]
that quantum Einstein gravity, because of its inherent IR divergences, is subject to strong renormalization
effects also at very large distances. In cosmology those effects would be relevant to the universe at late times.
It has been speculated that they might lead to a dynamical relaxation of A , thus solving the cosmological
constant problem [45,46]. An analysis of such IR effects in the framework of the effective average action is
not available yet. It would require truncations which are much more complicated than the standard Einstein-

Hilbert action, which contain nonlocal invariants, for instance.
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Hrpf & AR 0 M giR #£ 0, Kb b, BT EZRBHE-R/RER S BERBMHI R CE R T
— AR PUATELIMT NS [44], 105N, ADIFRRIT [45], B2 EWHES ) RHEEA R
ANERK, BIVEFERGIZ YR B th = 52 25 B B RN (SN, A5 D, X EEON A B 32 6 2255
HE, ARMINENTRERFBA WEh#h i, NIRRT H LR [45,46]. HATIERA
FEA RO I BAESE T ARSIV R 0T, 3RS 04 7 2 L Ar e 2 (R - /R B R R A &
S 2T, BT EESIRRIERA LR,

The postulated fixed point is the IR counterpart of the UV attractive non-Gaussian fixed point which
is known to exist in the Einstein-Hilbert truncation of pure quantum gravity. More generally, we assume
that the exact cosmologically relevant RG trajectory in (g, 1) -space smoothly interpolates between (g%, 1Y)
for k - oo and (g}, A1) for k — 0. The UV fixed point is important for the very early universe (t — 0)
, while the IR fixed point determines the cosmology at late times (¢t — o0) . It is important to stress that a
similar crossover between two nontrivial RG fixed points has actually been shown to exist in two-dimensional
Liouville quantum gravity [47]. Its RG trajectory connects two conformal field theories with central charges

25 — cand 26 — c, respectively, where c is the central charge of the matter system.

XA U ERINK S | FE = AN RRIZLINA B, J5 8 ESOESK Rl 751 H9Z R HrE -
SRR E (R, BE It e, FRAURIK (g, 1) 2RI H IR T2 8 A G R B LB EURE k - oo
KRR (gFY, A7) 5 k — 0 XRAY (giR, AR) ZAFEIE . SAMEN R R T i R E
(t - 0), MEAIMBNRRE T AT 8 MRS ( > ) o FERFRZE, “HXH/RETF51
HSChn B ELUESEAFER B PDE-F R R LR U2 RIS X [47], HEERALRHHUL 7 5%
LMY 25 — ¢ F1 26 — c IR PMLEZIE, HAo c BYIRARSRI O,

Late Universe Dynamics from the IRFP Scaling

>k H IRFP trE M 5 6 5l ) %

It is interesting to see the consequences of the IRFP for the late time dynamics of the universe. We can
assume in Eq. (22) that the entropy production is zero far from the NGFP, and therefore, homogeneous and

isotropic cosmologies can be described by the following system of equations:

RFELIMBN L (IRFP) X J I 7 ZE RN+ A R o BATTA] BAERK (22) ik, 1Bk
TR (NGFP) AU A0, RIS S) 2 A [R5 A] DA R ik 75 RR i A

2

DR RS
p'+3(1+w)(g)p=0 (58)
A+87pG =0 (59)

GO =Gk=k(®), Al)= Ak = k(). (60)
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Equation (57) is the standard Friedmann equation with a time-dependent A and G , and Eq. (58) ex-
presses the conservation of TV . Equation (59) is a consistency condition which is dictated by Bianchi’s
identity. It guarantees that the RHS of Einstein’s equation has vanishing covariant divergence.

K (57) BEMN A G HUbRUEFR FAE S T7 2, X (58) Rk T TH HY~FIERE, X (59) 2 H LB E
B[R BIEHRME, ERIEZEEEEA IR MR E,

Let us assume that we know the functions G (k) and A (k) for k — 0, i.e., in the IR. The idea is to express

the mass parameter k in terms of the physically relevant cutoff scale. We can assume

FAMBILCHLLIMX B k — 0 MR G (k) F1 A (k) B, Bl T B 21 BT S48k FPERRESR
RUBITR R, FRATTAT DA%

k(t)=¢&/t (61)

where £ > 0 is an a priori unknown constant. Note that for power-law solutions, the scale factor iden-
tification in (61) is equivalent to (24). Inserting (61) into G (k) and A (k) , we obtain the time-dependent
quantities G (t) = G (k = §/t) and A (t) = A (k = &/t) where the cutoff identification (61) applies only in the
case of perfect homogeneity and isotropy for which k .., = k(¢) = &/t is the only relevant scale. Allowing
for (large, nonlinear) density perturbations 5p (X, t) of a typical wavelength 4 ., , we introduce a new scale
k pert = 27/ pere into the problem. Similarly, immersing a localized matter distribution (a massive body) of
total mass M into the cosmological fluid gives rise to the scale ky; = M . In the situations of interest, the latter

two mass scales are much larger than the cosmological one: k peri s kyi > k cogmo -

HAr g > 0 B—NERARMEE 1EE, N THEEMR, RERTIE XK (61) 53X (24) Fih. ¥ (61)
RN G R)FIA (), BRAVEGRI SR G () = G (k= E/O)MA®R) = A(k = &/t) ; Hrpabe
(61) fUEH T2 2 & AFRIMRIIEI, I k oame = k() = &/t BME—RIXARE, BEERHER
KN A pere B9 CRREARLRNE) BEREMLRN 6p (x, 1), TATBREATRIETIN T —DHHRE K pore = 27/ 2 pere
o R, FKEFEN M NREBYIT (— D RBEERER) IAFHIRE, S7ERE by =M,
FEBAORIE R, JEWMBEEAREZER T FH A PRIRE: K per > kKt > K cosmo o

The assumption for the RG flow of G and A at "non-cosmological” scales k > Kk omo (€.8., for k =~
k pert s ks ) is that at those scales the k -dependence is very weak or zero so that standard gravity is recovered
at sub-cosmological scales. Therefore, for k < k .osmo We assume the validity of the IR fixed-point behavior
(56). Fork = k .,smo the assumption is that G and A depend on k only extremely weakly or are k -independent.
In this manner we recover standard gravity with G, A = const at length scales smaller than the cosmological
scale o ¢ . In particular G and A are essentially constant at k ..,y and ky; so that the dynamics of localized
matter distribution remains unchanged and there is no conflict with the classical tests of general relativity. It

is not then difficult to show that system (57) with the scaling (56) has the following solution:
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T AEFHE” W k> kosmo BN k & K pere, kg ) A G F1 A BUEEALEE (RG) T, FRATR
BOXEARE TR k FREEAER 59 &2 NF, RIIE T8 AR S Al DOSE RS . K, X T
k Sk cosmo PMMBRIRLLAMBNHATH (56) Lo M T k 2 K cosmo TR G F A (UARIGHHT K ,
HGERMA ko IR, BAHENTFHARE «  IRERE L, EEH G, A = NHE
MIFRES | TTo BARSRYL, G T A TE k pere TH kg SEEANELL, KRB B2 R 122 R
&, HITXHMENEESRIRE MR, AHEER, TTERERR (56) (TR (57) fFAE NidfE:

3 3 1/(3+3w)
a(t) = [(g) (a+ w)“g*a*M] (/e (62)
8 1
)= ————= (63)
97r(1 + w) g. A,
3 2 2
G() = §(1 + W) g At (64)
8 1
A =—21 (65)
314+w) !
Apart from the parameter w and the product g.A, , the solution depends only on a single constant of

integration, M , whose value affects only the overall scale of a () . Numerically, it equals 87p (t) [a (t)]3+3w =

M which, like in standard cosmology, is a conserved quantity. The solution (62) has several very interesting
and attractive features. Introducing the critical density

PRSEL w MR g4, O, IZMROURBER AN E R M, HAEOGEN a (¢) RIBAPRE, BUE EE
%F 8mp () [a (P =0, SRREFHFET R, XE-NFER, R (62) WREETIERS
ARERMERIER. TR E

2 2

P it () = ﬁ(g) , (66)

we find for any value of w, g, 4,. , and M that p i, (t) = 2p (¢t) and p, (t) = p(t) . Hence,

IHER w, g, A, M1 M BME, BATIE o () =200 T pp () =p(t) o HIL,

1
P=PA= P it (67)

Thus, the total energy density o, = p + pa equals precisely the critical one: p o (t) = p ¢ (¢) - This
latter equality does not come as a surprise because also the RG-improved Friedmann equation can be brought

to the form
Hitk, SREERE oo = p +pop BEHFEFETIRREE: oo () = peie () o E—FMHAEIN, FHH
BB B 9 R 2 5 R R 5 RN R aK

K=a? [P tot /P crit 1] (68)
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so that p,; = p it holds true for any solution with K = 0. On the other hand, the exact equality of
the matter energy density p and the vacuum energy density p, is a nontrivial prediction of the fixed-point

solution. In terms of the relative densities,

PRI R K = 0 HIBE, pior = porie AR, 75— T5TH, VIREREE p SEHZREREE o)
FERAHSE RS RURAIARF LTS . FA & RO ET
1
Q=0 = 2’ Qe = 1. (69)
Also the Hubble parameter of the solution
A N 2SS
_a 4 1
H= =330 (70)
and its deceleration parameter
HgisZ 5
__ad _3w-1 71)

a4
are independent of g,, 1, , and M . An interesting feature of the fixed-point solution is that it yields a
universal, Time-independent value of the "Machian” quantity pGt* [48]

W5 g, A FI M FoRK, FPENRMH—DEBIERUR, BHAHT “SHf7 & oGr? [48] FI— N BER
A1 ZE LA S (E

_
37(1 + w)z.

Note that the product G (t) A(t) = G (k) A (k) = g.A. is constant in the vicinity of any fixed point. Its
actual value is characteristic of this fixed point. While, for pure gravity, g/¥AYY = O(1) at the UV fixed

(Gt = (72)

point, the hypothetical IR fixed point of the coupled gravity-matter system has giRAIR = O (10_120) . Itis
important to understand that the smallness of this number does not pose any fine-tuning problem as in the
standard situation. In fact, in our approach both g/VAYV and g!RAIR are fixed and well-defined numbers which,
at least in principle, can be computed from the RG equation. However, apart from being a difficult task
technically, their actual determination is possible only once we know the complete system of all matter fields

in the universe. The number 10~ 2°

reflects specific properties of this matter system coupled to gravity rather
than an initial condition. Assuming the existence of the IR fixed point and the validity of the equations (57), we
are led to conclude that the late universe, for which the RG trajectory is already sufficiently close to the fixed
point, is described by the power laws (62). This leads to the unambiguous prediction that Qy; = Q, = 1/2 for
every value of w . Moreover, if we make the additional assumption that the late universe is matter dominated

(w = 0), Eq. (71) yields a « t*3 with the deceleration parameter —1/4 . Hence, near the fixed point,
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HER, R’ GOA®) = G(k)Ak) = g4, EEBNINRIHLARFHE, HELRERZARE
FHIE, XFali517, gVady = o () M TEIMBNR, MRIREFEERGI - VIS RGN B
AR gRAR = 0(107%%) . TWEBMWIE, BBV GARIER IR 25 R ARSI
I SERR b, TEBATTRIRFRAEZE S, gUVaDY fl glRAR #2 [EE HE IR ETE, /05 -
A PUE R RIS 2R, BR T EOR EXERIR &SN, RA ST F 8 FETrEY
AR R GG, A RES PRI EIX B, B 1070 RN 2 VIR RSG5 5 IR & IR E M
JR, TAERIGEAE A BRIRAIMBI R E B E (57) BOZ, BRI DAt ie: i T BRI
E4RBHEIE A RIRITE, HAT RRE (62) ik, MLl DUSZPMHE: MMEE w BUE
I Qm = Qp = 1/2 0 SN, WERBATHOMRIZHEI T YR ESR (w =0), HX (71) AITE
a3, HAEIESECN -1/4 . B, 7ERE) DA,

11
217 7%
and therefore, the fixed-point structure provides a natural explanation for the mysterious equality (or

Qu =0y = (W =0) (73)

approximate equality) of p and p, . This success supports the idea that the present-day universe is in the, or
at least close to the, IR fixed-point regime. The deviation of the observed values from Q) = Q4 = 1/2 could
be due to the fact that the fixed-point behavior is not fully developed yet so that the universe still has some

way to go before the finer quantitative details of the scaling solution is realized.

I AN B G5 B 2R TN o 5 o) RTFFEMMAIAESE (BOLEUESE) KR, X—ERFH T
B FH AT RE DRI R, WIES Qy = Q) = 1/2 F#1ERZE, AIREZEN
AENRATHMARTEEIZRL, 8 1 SLBUbR R SE RS Il & BT < Al 7 28— B Al

A further testable prediction of the fixed-point hypothesis is the time variation of Newton’s constant, so
that

AF RIS 55— A6 Pl = R A R Rt R 22 fL, (Al

g:%:%(3+3w)H(t). (74)

The experimental upper bound from laboratory and solar system experiments for the present-day value
of this quantity [49] is of the order of |G/G| S (10_13yr)_1 . Hence, even the technology available today is
not very far away from being able to verify or falsify (74). One should bear in mind, however, that the G in
Eq. (74) refers to a different length scale than the one measured in solar system experiments, say. We also
emphasize that the standard experimental value of Newton’s constant, G exp > does not coincide with the value
G (k = &/to) which is relevant for cosmology today, i.e., for t = t; . G, is measured (today) at K o, o A
where the length ¢ = ¢ is a typical solar system length scale, say. Thus, in terms of the running Newton
constant, G, = G(k=§'/€, ), since £, < t;, and since in the presence of several scales, the relevant
cutoff is always the larger one It is only the cosmological quantity G (k = £/t) which grows « t? in the fixed-
point regime, not G .y, . This remark entails that a t? -growth of the cosmological Newton constant in the
recent past does not ruin the predictions about primordial nucleosynthesis which requires that G (k = £/¢ g )
coincides with G ., rather precisely. In fact, at the timet = ¢ 4 of nucleosynthesis, the cosmological Newton
constant was indeed G (k = &/t 4y ) ® Geyp Since ¢ty and € g are of the same order of magnitude (a few

light minutes.)
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YR F R AR ¢ = 1o FE G (k = &/t0) A =B Gop BUDTE ko, x €71 RENG
1, B e = ¢, ATDAGR BRI R KERE, Rk, sshiiiER e, =Gk =¢8/64)
Ma, HT €y <ty, HEFEZDREN, HIBMGBAZERNAVNRE: REFTHYYYHERE
G(k = &/0) TEANRIXIRAME o« 2 WK, Gop T, X—FIREWE, ERFEHEATE K 2
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KSR G (k= &/t pya) ® Geyp o

The idea of the IRFP scaling has been further extended and tested in several investigations. In particular
in [50] a complete transition from standard FRW to the IRFP scaling has been confronted with the available
observational data. More recent works have instead implemented the IRFP hypothesis within a Swiss cheese
(Einstein-Strauss) model of the universe significantly extending the original IRFP to the case of an induced
running cosmological constant due to the contribution of a uniform distribution of local antigravity sources
[51-54].

IRFP i EEECEEZ TR EREE— PR SRE, Kl R [50] H, R FRW FH
| IRFP H3JE R 2B b CZ R INA WM BRI T 7 Hedt, i SRR 72N IRFP {558 A T i
Tl G2 R ETE- RS R FEARR Y, LS IRFP KRR 2 T 5 3 A i R 51 1R
DTRR 2B AR R B BB T8 - BB T [51-54]0

Primordial Density Fluctuations

IR BT

Most of the approaches discussed so far are based on the renormalization group improvement, either at
the level of field equations or at the level of the action. This strategy has the advantage of being easily imple-
mentable in various contexts, but its applicability when several competing scales are present in the problem
is ambiguous. In most cases RG improvement can only be trusted to extract qualitative information on the
dynamical properties of the NGFP, for instance, its antiscreening character. However, a question remains: is

it possible to directly test the presence of the NGFP in cosmological data?

15 NIETHEIIR 2 EOT RE A TR RO, TICRES TR HIC R RZMH, ZRIEH
MR RN 2R = N, (HS RSP 2 ME S S AUARE R, HIERMIFIm. K
ZEAEOT, TATHREREE E LRI RIREY NGFP i) A B EMEE R, BIAN e 5 ks
Mo E5HE — R RETS EREAE T 5 P ILNEE R 5 NGFP I /E?

Itis believed that the structure formation in the universe started out from primordial density fluctuations
dp (x) which were triggered by quantum mechanical fluctuations. As the universe expanded, those density
fluctuations got amplified and magnified and finally gave rise to the large-scale structures which we observe
today. This idea has been worked out in the framework of inflationary cosmology. The basic idea is to consider

linear quantum fluctuations of the scalar field and the metric around a classical background:
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H RS IA, FHEEMTERGEE IR T b & ks Al B RS TR 5o (x) o BERTREAK, XL
RIS A WTRIOR, BRI T A0S IR 8 R RS, IR AR K T 1 AR
TR REHRA, HEARBRIIREIE R TR R L & ik

$(6,%) = ¢ (1) + 86 (%), guv = @ (1) (Mo + o (1,%)). (75)

If density perturbations only are of interest, then it is possible to circumvent the complications of quan-
tizing gravity: one can consider the quantization of the scalar field and use semiclassical method of stochastic
inflation at wavelengths greater than the Hubble radius. On the other hand, in order to describe the back-
ground of gravitational radiation, it is essential to properly quantize the gravitational field because the zero-
point gravitational fluctuations contribute to the observed CMB temperature anisotropy.

GUERCORIER R, Wr] ASEd 51 0 & LR E 2% Tl 1a] AR B T & 1k, ERT
M) FARHIE R B FBENLRAKAE 257K, 55— 7, Zids| s &, 204517
HTEY R T, FNFEGIEKE S IEIR CMB 5 25 A 57 A Tk

Within the AS scenario the quantization of the gravitational field does not pose any conceptual difficulty,
and therefore, it is possible to imagine an alternative scenario for which primordial density fluctuations were
generated already during the Planck era as the aftermath of the big bang. In fact, due to the running of the
Newton’s constant, the background evolution solves the horizon problems without the need of an inflationary
field, as the past light cones are broadening for t < t ,c Wheret , isa classical time after which the running
of Newton’ s constant to the presence of the NGFP can be neglected and the geometry is classical (see [55]
for further details). Obviously the most natural assumption about the quantum origin of §p is that, before
I & tgas > the quantum fluctuations of the metric itself generated the primordial density fluctuations by
some decoherence mechanism. As it is possible to show, this assumption naturally leads to an almost scale-

free (Harrison-Zeldovich) fluctuation spectrum. In fact the two-point correlation function

FEWNL % 4 (AS) HEZRH, SIhE TN F RS R IR RME, KIAT DR tH— R 5 A
KT A S N R N KBB4 T KB b, TR EREa, R
DITEANTRZE R A B SRR, RO T £ < tgpe , WECHERTWIATE, HA 1,
NG, EIZNEZG, FiE S0 NGFP 15N AT AZNS, JLANRE &0 LA
CE—PAITI S WS [55]). B, KT Sp MR TEERBRNRBE, fEt &t AT, EM
A B (B kv I SEAEAR T AL A T SR K . AT DAIERH, % (RI% B RS L TR E
Y (W BELAR-FE/R 2 4R BRIE I, SRR b, T ROCHKRREL

EX) = x+y)5(y) (76)

of the density contrast § (x) = §p (x) /o), at some fixed time t < ¢, close to the end of the Planck era
when the spectrum is handed over” from the quantum gravity to the classical regime. One defines the power

spectrum by

RHEERZE 8 (x) = 5p (x) /o), MEEFATEN FORBIMDEEEIN A £ < t 05 FISRERREEY, I BKIE I
IS B 510 XU I B 2 gX I, FATTAT DhOEd T~ UE i
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16 = Vf d3x¢ (x) e kX (77)

so that the fluctuation spectrum has the spectral index n if |§ k|2 has the form of a power law |§ k|2  [k|"
. (V denotes the normalization volume.) On a flat background, the effective graviton propagator for the fixed-
point regime is proportional to G (p) « 1/p* which amounts to G (x,y) « In (x — y)2 in position space. This
form of the propagator is valid for p? > m3, or (x — y)2 < ¢}, respectively. The logarithmic two-point func-
tion may be understood as a limiting case of the familiar “critical” propagator G (x,y) « 1/|x — y|d_2+’7 for
d = 4 and the anomalous dimension 7 = 1y (g+,4.) = —2 which characterizes the UV fixed point. Let us look
at the curvature fluctuation R o ddh caused by a fluctuation h,, (x) of the metric. (Here a symbolic notation
where R stands for the curvature scalar or for any component of the Riemann or Einstein tensor is implied.)
Because <h,w (x) hy, (y)} x In(x — y)2 , the curvature correlation function is (SR (x) SR (y)) « 1/(x — y)4 ,
rather than « 1/(x — y)6 as implied by the tree-level propagator. Therefore, the leading short-distance singu-
larity in a curved space-time is given by (6R (x) SR (¥)) « 1/d(x, y)4 where d (x, y) is the geodesic distance of
x and y . This formula is applicable when the space-time curvature is small compared to 1/d(x, y)2 .

FIE (6, HEBETER 0, « K", BOESHEIEEECH n. (VRBH—ER ) ETLEY R T,
FEl) 5 regime HIERE | FEBTFIERT G(p) < 1/p*, MBALEZEFH G (x,y) < In(x —y) o
ZHEE TR INER T p? > m2 B (x — y)° < 03 B0, XTE s OGRS AR 3 UL
“ISH” BT G (x,y) & 1lx — y|* M 1 d = 4 SRIFLINREN SR B R 7 = nn (2., 4,) = —2
THIRRIRIE L, R HEEATRE BB hy, (x) SHERIIZREKTE 6R « d0h . OXHERAFFSLIE,
Rﬁﬁ%%ﬁ%,ﬁ%%%%%ﬁ%ﬁ%ﬂ%%%&%ﬁioH%?wwwmhw»am@—wﬁ
R EELERECH (SR (x) SR () o 1/(x — y)*, TiAEMERE FA I o« 1/(x — y)° o HitL, Z5hi
234Gk T B BS AT S5 (OR (x) OR (1)) o« 1/d(x, y)* 8, Erb d (x, y) 52 x Fl y 2 AR 2 26 55
ZARIEA TR ZRITNT 1/d(x, y)* BB,

Let us consider the background of a Robertson-Walker space-time and we put x and y on the same time
slice. Hence, d (x,y) = a(t) |x — y| where x and y are the comoving Cartesian coordinates of x and y , respec-

tively. This leads to

B EDED-R/REN S E R, K x My BEER—KNEDIA L, BAREdx,y) =a(@)|x -yl
, Hrx My 25109 x My BB R/RAERR, HILATS

(SR (X, £) SR (y, 1))

) (78)
x—y*

In the scenario where the primordial density fluctuations are generated by quantum fluctuations, one
assumes that the classical statistical expectation value (76) is proportional to a quantum mechanical expecta-
tion value (¥ |$ x+y) $ (y)‘ ¥) where $ is the operator whose fluctuations are supposed to become classical.
In the case at hand where we assume that §p originates from the fluctuations of the spacetime geometry Itself,
the natural choice for $ is $ x R, i.e., to some extent an arbitrary linear combination of curvature compo-
nents. In fact, already classically the Einstein equations imply 87GSp = —8G,° where G," is the Einstein
tensor. As a consequence, the two-point function of $ is proportional to the SR correlator (78). Therefore, the

correlation function of §p behaves as
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(P|px+y)d|®), H ¢ RBkiE BRI NEIINERT, MIANTH AT 6o RIF TR 23 LT
REHIHETI S, ¢MERERR §« R, BIEE—ERE LRI RMEREEAS, FLL,
REfEZE, ZRTH R 87Gop = —0G,°, Hb G0 RERWHHKE, HItA, ¢
P A B ERUE L OR SREKERIEK (78), (AL S0 SRR BRI AR A2

E(X) o« — (79)
x|

provided the physical distance a (¢) |x| is smaller than €p, . The power spectrum of the modes with phys-
ical momenta |K| /a (t) < mp (at fixed time ¢ < ¢ 4, ) IS given by the three-dimensional Fourier transform of
(79):

RR YIRS a (0 [x| /NT £p 0 WERENRN (K| fa (t) < mp (BREEZIN ¢ St ) OB ATTIZ
WETTH (79) B0 28R AR st

1611 o |k (80)

This is precisely the Harrison-Zeldovich scale-invariant spectrum with the spectral indexn = 1. We
can thus imagine that “sub-Hubble scale” modes evolve according to the standard theory of cosmological

perturbations starting with a scale-invariant spectrum immediately after the quantum gravity epoch, t > tp, .

XIEZETEEON n = 1 BN HLAR-F/RSYERT IR AR S IRIEERATTRT BAA DN, “MeZh il 5 DA RUE™
BRI AR e, ERTFIINNEL 2 ty SR EE B BIREA LN,

Deviations from the value n = 1 are expected if the generation of primordial perturbations does not occur
precisely at the NGFP and in this case a more complete treatment which would include both the fluctuations
from the background and the fluctuations around the background in a consistent way is needed. Recent
calculations [56, 57] based on a direct calculation of the graviton propagator around a flat space have computed
the spectral function of the transverse-traceless mode of the graviton. The resulting propagator can be recast

as the propagator in the form of a diffeomorphism effective action

AR RIR SRR = A TR HTE S (NGFP), HBAHEESWES n =1, N FREEER
AIALER, R REKE M S8 RATEKYE —BORIAE &, LI T EREHH PR E 5 [ 75
BT HINTF [56, 57) AR HG I TREAIJCIERI I 2K, 15 2IRIERE 7 i DASCE Moy R E 2L
TEREERIERET

R
s=f&wﬂggg+%mhﬂmwm) (81)

where the term R ..o fr ((J) R¥"F? has been neglected being of the same order of the curvature expansion
and which relates to the physical scalar mode of the graviton. It is hoped that recent progress in the calculation
of the form factors in quantum gravity [58] will eventually provide us with ab initio calculations of the graviton
spectrum in the early universe in a consistent way, by taking into account the possible contribution from the

matter sector.
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Conclusions

Gile

The consequences of the asymptotically safe scenario in quantum gravity are still under intense investi-
gation. In its simplest implementation the running of G is encoded in a new set of scale-dependent effective
field equations. An important nontrivial result is represented by the possibility of describing our universe as
an evolution from a state of zero entropy where all the observed entropy is indeed produced from the running
of G and A, and the classical era naturally arises from the presence of the Gaussian fixed point. It is remark-
able that this result emerges only from the running of G and A according to the 8 -functions (10). Moreover,
in the presence of matter bouncing non-singular cosmologies are obtained from the antiscreening behavior
of G at high densities. Those models represent a physically viable alternative to the inflation scenario but
further work should be done to discuss structure formation in these models. On the other hand, if inflation
is correct and its scale is still not too far from the energy scale of the "basin of attraction” of the NGFP, then it
is possible to determine a class of f (R) -corrections to standard inflationary models which, hopefully, could
be tested in future CMB experiments. The most promising candidate from this point of view is the modified
Starobinsky model described in [35] where a R¥2 modification of the standard R + R? inflation could provide
a significantly higher (and therefore testable) value for the tensor-to-scalar ratio r . Albeit a direct probe of the
existence of the NGFP is still not available, recent progress in the calculation of the graviton spectrum in the
Lorentzian theory could in principle offer the possibility to determine the initial power spectrum of the cos-
mological tensor perturbation in a fully consistent way. It is hoped that future CMB anisotropy experiments
like LiteBIRD [59] could shed new important light on the presence of the NGFP.

L2 2R T 5 PG R TIRAM RN B EHRRSIT, 6 FEahm—HBiR
BT AR E R T R, — N EEAAEF AR, FATAT DA i fiid o N RS AL T
K, FrEWLINEIREIASEH G 1 A RUBS™ 4, SN &I R R TE B RTELR, (E
HERRZ, &SRO g K%L (10) B9 G #1 A RUBISNTSH, KA, SEEVMRN, 6 ESE
JE T B RFERAT A AT IS EIERT B SR T 8 e IXERALR R RAEVEL Ll ATRE T =,
(BRI FR IR SR R ST A8, 55— 75, GHRBAKEICIEW, HHAENRS
NGFP [ “We5[#” REARAHZENIZ, ARATATA] DUSE|— 2 R IKELR) f (R) BIE, HEAE
ARKA) CMB KRR, WIX—AEKRE, RARTRIVRIES B [35] FRAIEIENIE
TS HAOBRE R + R? RAKAY R3/2 B 1E AT DAZA K R-PRRE EE r 38 & (BRI I AR 6 ) FRTER
{H, RE HATJCIRERIRN NGFP RITFAE, HMCRABIe 5 )il i R Sofridt e s _E mT DUy
PAHRNL =, Plsee Biar7s SN T8 LR E IS HIETRIE, A1 EARKA CMB % A
FPESLER, G40 LiteBIRD[S9], REWS N NGFP &7 fEFR HERT IV E R,
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